BIRATIONAL ASPECTS OF THE GEOMETRY OF 
VARIETIES OF SUM OF POWERS 



ALEX MASSARENTI AND MASSIMILIANO MELLA 



Abstract. Varieties of Sums of Powers describe the additive decompositions 
of an homogeneous polynomial into powers of linear forms. Despite their long 
history, going back to Sylvester and Hilbert, few of them are known for spe- 
cial degrees and number of variables. In this paper we aim to understand a 
general birational behaviour of VSP, if any. To do this we birationally embed 
these varieties into Grassmannians and prove the rationality, unirationality or 
rational connectedness of many of those in arbitrary degrees and number of 
variables. 

Introduction 

In 1770 Edward Waring stated that every integer is a sum of at most 9 positive 
cubes, later on Jacobi and others considered the problem to find all the decompo- 
sitions of a given number into a number of cubes, |Di] , Since then many problems 
related to additive decomposition are named after Waring. The set up we are inter- 
ested in is that of homogeneous polynomials. Let F G k[xo, . . . ,x ra ]<j be a general 
homogeneous polynomial of degree d. The additive decomposition we are looking 
for is 

F = L d 1+ ... + L d h , 

where L; € k[%o, . . . , x n ]i are linear forms. The problem is very classical, the 
first results are due to Sylvester, |Sy| and then to Hilbert, [Hij . Richmond, |Ri] . 
Palatini, [Pa], and many others. In the old times the attention was essentially 
devoted to study the cases in which the above decomposition is unique. This gives 
a canonical form to general homogeneous polynomials of a particular degree and 
number of variables. As widely expected the canonical form very seldom exists, 
see [Melj |Me2j . In the remaining cases one should try to understand the set 
of decompositions of a given general polynomial. A compactification of this is 
usually called the Variety of Sums of Powers ( VSP for short) , see Definition 11.41 
for the precise statement. The interest in these special varieties increased greatly 
after Mukai, |Mulj . gave a description of the Fano 3-fold V22 as VSP of quartic 
polynomials in three variables. Since then different authors exploited the area and 
generalize Mukai's techniques to other polynomials, [DKj . |RSj . |IR1J . |IR2j . |TZ) . 
see |Doj for a very nice survey. All these works address special values of degree and 
variables and give a biregular description of special VSP's. This is done studying 
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the natural compactification VSP(F, h) of the additive decompositions into the 
Hilbert scheme of (P™)*, see Section [1] for the details. The known cases are not 
many and, to the best of our knowledge, this is the state of the art 
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where W is a fivefold and is the variety of lines in the fivefold linear complete 
intersection P 10 n OG(5, 10) C P 15 of the ten-dimensional orthogonal Grassmanian 
OG(5, 10), and S is a smooth symplectic fourfold obtained as a deformation of the 
Hilbert square of a polarized K3 surface of genus eight. 

In this paper we aim to understand a general birational behaviour of VSP, if 
any. To do this we prefer to adopt a different compactification. This is probably 
less efficient than the usual one to study the biregular nature of these objects but 
is very suitable for birational purposes. 

Let F € k[xo, . . . ,x n ]d be a general homogeneous polynomial of degree d and 
V = Vd.n C P N = Proj(fc[,T , . . . , x n ]d) the Veronese variety. A general additive 
decomposition into h linear factors 

1 

is associated to an /i-secant linear space of dimension h — 1 to the Veronese V C P . 
In this way we can embed a general additive decomposition into either G(/i — 1, N), 
or G(h — 2, N — 1), and consider the closure there. This compactification is usually 
more singular than the one into the Hilbert scheme and meaningful only for h < 
N — n, see Remark 11.81 for a brief comparison. Nonetheless it allows us to use 
projective techniques in a wider contest. In this way we are able to give several 
interesting result about the birational nature of VSP's. 

Theorem 1. Assume that F is a general quadratic polynomial in n + 1 variables. 
Then the irreducible components of VSP(F, h) are unirational for any h and ratio- 
nal for h = n + 1. 

Theorem [1] cannot be extended to higher degrees. Think for instance to the 
mentioned examples of cither Mukai or Iliev and Ranestad. On the other hand we 
believe that Rational Connectedness is the general pattern for this class of varieties. 
In this direction our main result is the rational connectedness of infinitely many 
VSP with arbitrarily high degree and number of variable. Having in mind that 
VSP{F, h) are non empty only if h > /(n + 1) we can prove the following. 
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Theorem 2. Assume that for some positive integer k < n the number v " ^ — is an 
integer. Then the irreducible components of VSP(F, h) are Rationally Connected 

for F G k\xo, . . . , x n ]d general and h > — . 

The common kernel of these theorems is Theorem 13.21 where, under suitable 
assumption, we connect VSP(F, h) with chains of VSP(F, h — 1). In this way we 
reduce the rational connectedness computations to special values of h. This new 
approach allows us also to recover and reinterpret known classification results, see 
section [51 and generalize a Theorem of Sylvester, see section |U 

1. Notation and Preliminaries 

We work over the complex field. We mainly follow notation and definitions 
of |Do] . Let V be a vector space of dimension n + 1 and let P(V) = P" the 
corresponding projective space. For any finite set of points {p%,...,ph} C P" we 
consider the linear space of homogeneous forms F of degree d on P n such that 
(F = 0) contains the points pi, ...,ph, and we denote it by 

Ld(px, -,Ph) = {F G k[x , .:,x n ]d Pi G (F = 0) V I < i < h}. 

Definition 1.1. An unordered set of points [Lh]} Q ^V* is a polar h- 

polyhedron of F G k[xg, ...,x n ]d if 

F = XtLf + ... + X h L d h , 

for some nonzero scalars Xi, Xh G k and moreover the Lf are linearly independent 
in k[xo, x n ]d- 

We briefly introduce the concept of Apolar form to a given homogeneous form to 
state the connection between the set of /i-polyhedra of F and the space of Apolar 
forms of F. 

Fix a system of coordinates {xo, x n } on V and the dual coordinates {£ch £n} 
on V*. 

Let (f> = <fr(£o> — i Cn) be a homogeneous polynomial of degree t on V*. We 
consider the differential operator 

D<f, = <f>(do, ...,<9„), with di = 

This operator acts on <fi substituting the variable £j with the partial derivative 
di = For any F G k[x , ...,x n ] d we write 

<<j>,F >= D^(F). 

We call this pairing the apolarity pairing. 

In general </> is of the form </>(£(,, ...,£„) = E lQ +...+ 4 „=t a io,-,i»,C -C" and F is of 
the form F(x ,...,x n ) = T,j +...+j n =d fi ,-,^ x o - x n ■ Then 

D*{F) = (E i0+ ... +i „= t «fo,..., i „^...^)(F). 

We see that F is derived iq + ... + i n = t times. So we obtain a homogeneous 
polynomial of degree d — t on V. 

Fixed F G k[xo, ...,x n ]d we have the map 

a>PF '■ fc Ko, ->£ra]t -> ^[%, — ,a!n]«J-t! ^ D <t>( F )- 

The map ap^ is linear and we can consider the subspace Ker(ap t F ) of k[£o, £ n ]t. 
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Definition 1.2. A homogeneous form </> G fc[£o, £„]t is called Apolar to a ho- 
mogeneous form F G k[xo, ...,x n ]d if L)<p(F) = 0, in other words if <f> G Ker{ap t F ). 
The vector subspace of fc[£o) •••! £n]i of Apolar forms of degree t to F is denoted by 
AP t (F). 

Lemma 1.3 ([Do]). The set V = {[L\], ...,[Lh]} is a polar h-polyhedron of F if 
and only if 

Ld([Li], [Lh]) C APd(F), 
and the inclusion is not true if we delete any [Li] from V. 

The set of all /i-polyhedra of a general polynomial F G k[xo, ...,x n ]d is de- 
noted by VSP(F,h)°. Via this construction it is easy to embed VSP(F,h)° into 
Hilb h ((P")*). 

Definition 1.4. The closure 

VSP{F, h) := VSP(F, h)° C Hilb A ((P n )*) 

is the Variety o/ Sums of Powers of F. The points in VSP(F, h) \ VSP(F, h)° are 
called generalized polar polyhedra. 

Using the smoothness of Hilb^((P")*), when n = 1,2, one gets the following 
classical result, see for instance [Do) . 

Proposition 1.5. In the cases n = 1, 2 /or a general polynomial F G fc[xo, £n]d 
i/ie variety VSP(F, h) is either empty or a smooth variety of dimension 

dim(VSP(F, h)) = h(n + 1) - ( n + d ). 

It is important to notice that an additive decomposition of F induces an additive 
decomposition of its partial derivatives. 

Remark 1.6 (Partial Derivatives). Let {[Li], [Lh]} be a /i-polar polyhedron for 
the homogeneous polynomial F G k[xo, ...,x n ]d- We write 

F = \ 1 Lf + ... + \ h L d h . 
The partial derivatives of F are homogeneous polynomials of degree d — 1 decom- 
posed in h linear factors 

§§- = Xia^dL^ 1 + ... + Xha^dL^ 1 , for any i = 0, ...,n. 

Hence, as long as h < VSP(F,h)° C ySP(J^, and taking closures 

we have 

VSP(F,h) C 

The polynomial F has ( n ^ 1 ) partial derivatives of order I. Clearly these derivatives 
are homogeneous polynomials of degree d — l decomposed in /i-linear factors. Then, 
when h < ( d - l + n ),we have VSP(F, h) C J fF n , ,h), where « +-+^ = l 

Oxq ,...,dx r T' 

As remarked in the introduction we are interested in a different compactifica- 
tion of additive decompositions. Consider the span of the polar polyhedron in the 
Veronese embedding. We can associate to an /i-polar polyhedron of F an (h — 1)- 
plane /i-secant to the Veronese variety Vd, n C P . Hence, when h < N — n + 1, we 
can embed 

VSP(F,h)° G G(/i-l,iV) 
as the subvariety formed by the (h — 1) -planes properly secant the Veronese and 
containing [F]. 
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Definition 1.7. Let 

VSP G (F,h) := VSP(F,h)° c G(h-1,N) 
be the closure in the Grassmannian. 

Remark 1.8. Note that VSPc(F,h) contains limits of /i-secant planes. We expect, 
in general, that there are no morphisms between the two compactifications but only 
rational maps. Indeed not all degree h zero dimensional subschemes of the Veronese 
variety span a linear space of dimension h — 1 and not all limits of /i-secant planes 
cut a zero dimensional scheme. On the other hand both are clearly true when n = 1 
and in this case we have VSP(F, h) = VSP G {F, h). 

Let us recall, next, the main definitions and results concerning secant varieties. 
Let Gfc_i = G(fc — 1, N) be the Grassmannian of (k — l)-linear spaces in F N . Let 
X C ¥ N be an irreducible variety 

r t (X)cIx...xIxG H , 

the closure of the graph of 

a:(Xx---xX)\A->G k - 1 , 

taking (xi, . . . , x k ) to the [(x\, . . . , x k )\, for fc-tuple of distinct points. Observe that 
T k (X) is irreducible of dimension kn. Let 7r 2 : Y k {X) — > Gk-i be the natural 
projection. Denote by 

S k (X) :=w 2 (T k (X))cG k _ 1 . 
Again Sk(X) is irreducible of dimension kn. Finally let 

I k = {(x,A)\xeA}cF N xG k - 1 , 

with natural projections it* and ^ k onto the factors. Observe that tph '■ Ik — > G k -i 
is a P fe_1 -bundle on Gk-i- 

Definition 1.9. Let X C P N be an irreducible variety. The abstract (k — l)-Secant 
variety is 

Sec fc _i(X) := {^)-\S k {X)) C I k . 
While the (k — 1) -Secant variety is 

Eec k ^(X) := Trf (5ec fe _i(X)) C V N . 

It is immediate that SeCfe_i(X) is a (kn + k — l)-dimensional variety with a P fe_1 - 
bundle structure on S k (X). One says that X is (k — \)-defective if 

dim§ecfc_i(X) < min{dimSeCfc_i(X), N} 

Remark 1.10. The definition of abstract and embedded (k — 1)-Secants can be 
extended to the relative set up of varieties over a scheme S. 

Let F £ k[xo, ■ ■ ■ ,x n ]d be a general polynomial. In the notation introduced we 
have 

VSP G {F,h)=^{{^)-\[F})) - (nl^)-\[F}). 

In what follows we more generally use fibers of ^-maps to study VSP varieties. 
For this we slightly abuse the language to state the following 
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Definition 1.11. Let X C P be an irreducible variety, and p G P a general 
point. Then 

VSP$(h):={nZ)- l (p) 
It is important to stress that VSPq (h) is not well defined as a variety. 

Remark 1.12 (Partial Derivatives II). The partial derivatives Remark 11.61 can be 
strengthened as follows. Let [F] C F N be a general point. The partial derivatives of 
F span a linear space, say Hg, in the corresponding projective space ¥ N . Remark 
11.61 tell us that linear spaces associated to polar polyhedra has to contain Hg. In 
general the opposite is not true but for special values one could be lucky enough to 
get equality, see for instance Theorems 12.21 and 14.11 

2. A new Viewpoint on VSP 

In this section we want to give new insight, and also test our ideas, on well known 
results about VSP(F, h). Let us start with a geometric proof of Hilbert result on 
the uniqueness of additive decomposition for quintic forms in three variables. 

Theorem 2.1 f|Hij). Let F £ fc[xo,xi,X2]5 be a general homogeneous polynomial. 
Then VSP(F, 7) is a single point. 

Proof. A computation, together with |AH| main result, shows that dim VSP{F, 7) = 
Assume that F admits two different decompositions, say {[Li], [Lj]} and {[h], [h 
Consider the second partial derivatives of F. Those are six general homogeneous 
polynomials of degree three. Let Hg C P 9 be the linear space they generate. Then, 
by Remark ll.121 we have 

H L :=([L%...,[L 3 7 })DH e c{[l 3 1 },...,m)=:H l 

The general choice of F ensures that both Hl and Hi intersect the Veronese surface 

V = V-i,2 Q P 9 at 7 distinct points. 

Let 

7T : P 9 — P 3 

be the projection from Hg, and V = 7r(V). Then V is a surface of degree deg(V) = 9 
with two points of multiplicity 7 corresponding to tt(Hl) and ir(H{). This shows 
that the 7-dimensional linear space H := (Hl,Hi) intersects V along a curve, say 
r. The construction of P yields 

de g r<#(ff L nv) = 7. 

On the other hand degT = 3j therefore we end up with the following possibilities. 
Case 1 (degT = 3). Then T is a twisted cubic curve contained in H and 

Hi ■ r = H L ■ r = 3 

We may assume that HiHT= {[if], [Zf], [if]} and H L nT = {[if], [L%\, Let A 

be the pencil of hyperplanes containing H, and 1/3 : P 2 — > V the Veronese embed- 
ding. The linear system i/|(Ajy) is a pencil of conies and therefore #(B1 Aiy) < 4. 
To conclude observe that Bl Aiy D H n V. This force 

{[£t],[£i],[^],[i?]} = {P2],Pf],[ig],P?]}, 

and consequently the contradiction Hl = Hi. 
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Case 2 (degL = 6). Then 

H r r = h l ■ r = 6 

We may assume that Y D {[£?],. . . , U {[lf\, . . . , [l^}}. Let A be the pencil of 
hyperplanes containing H. Let v% : P 2 — > V be the Veronese embedding. The linear 
system vl{k\ v ) is a pencil of lines and therefore #(BlA|y) = 1. This force 

[£?] = 

and consequently the contradiction Hl = Hi. 

□ 

Sylvester Pentahedral Theorem can be proved similarly with a slightly more 
involved argument. Giorgio Ottaviani informed us of a very nice and neat proof 
using apolarity, for this reason we prefer to skip it. The final V SP(F, h) we are 
able to recover is Dolgachev and Kanev's result, |DK) see also |RS] , This proof was 
actually the starting point of our work. 

Theorem 2.2 ( |DK| ). Let F E k[xo,x\,X2]3 be a general homogeneous polynomial. 
Then we have VSP(F,A) ^ P 2 . 

Proof. Let {[Xi], [L4]} be a 4-polar polyhedron of F. By remark Pi -61 it is a 
4-polar polyhedron for the partial derivatives J^-, J^-, J-^ of F also. Let 

dF OF dF 
H 9 =< ^,7^,^ >C F(k[x ,x 1 ,x 2 h) =P 5 - 
oxo ox\ 0x2 

The 3-planes, say LI, containing Hg are parametrized by a plane. Moreover the 
general choice of F ensures that LI intersects V = along a zero dimensional 
scheme of length 4. This yields a bijective morphism 

■. p 2 -> ysp(F, 4),n^nnv. 

The two varieties are smooth of the same dimension by Proposition 11.51 therefore <f> 
is an isomorphism. □ 

3. Chains in VSP{F, h) 

Let F E fc[a^0j • ■ • 1 x n]d be a general homogeneous polynomial of degree d. Con- 
sider a very general additive decomposition 

h 

F = Y,KLi 

1 

Let p E VSP(F, h)° the corresponding point. For p E VSP(F, h)° general also the 
polynomial 

F-XiL{ 

is general and we can view a dense open of VSP(F — XiLf, h — 1)° as a subvariety 
of VSP(F, h)°. More generally we can consider a flag of subsets 

r 

VSP(F, h)° D VSP(F - AiLf , h-l)°D...D VSP(F - x i L t> h~r)° 3p 

1 

Passing to the closure in any of the possible compactifications we can cover any 
Variety of Sum of Powers via VSP with less addends. 
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Convention 3.1. When working with a general decomposition, say XiLf , we 
will always tacitly consider the irreducible component of V SP{F, h)° containing 
this general decomposition and keep denoting its compactifications VSP(F, ft), and 
VSP G (F,h). 

Further note that, when VSP(F,h — 1) is not empty, 

(1) cod V sp(F,fc)« VSP{F - XiLf, h-l)° = n + l 
therefore as long as 

dim VSP(F - X x Lf, ft - 1)° > n + 1 

we have a well defined intersection theory for these subvarieties in any compactifi- 
cation. Let q e VSP(F - XiLf, ft - 1)° C VSP{F, h)° be a general point then q 
represents a decomposition say 

h 

F = X 1 L d 1 +T,^ G 1- 

2 

As long as q ^ p we may assume that ^2^2 ^ XiLi for any i = 1, . . . ft. This means 
that 

P^VSP(F- ^ 2 G d 2 ,h-l)°. 

Assume that dim VSP(F — £iMf, ft — 1) > n + 1. Then by noetherianity we may 
assume that for a very general point p\ in VSP(F, h)° there is M\ such that 

pt G VSP{F -^Mf,h-1)° 

and 

VSP(F - &Mf, h-l)n VSP(F - fj, 2 Gi, h-l)^% 

That is we can connect two very general points of VSP(F, h) with a chain of 
varieties of type VSPQ d,n (h — 1). We make the above argument explicit in the 
following Theorem. 

Theorem 3.2. Let F G k[xo, . . . , x n ]d be a general polynomial of degree d. Assume 

fn+d\ 

that h > + 2. Then two very general points of an irreducible component of 

VSP{F, h) are joined by a chain (of length at most three) of VSPQ d ' n (h — 1). Let 
Wi be the elements of this chain, and q G Wj CiWi a general point. Then we may 
assume that q is a general point in VSP(F, h), Wj, and W\. 

Assume moreover that any irreducible component ofVSP(F, ft — 1) is Rationally 
Connected anddimVSP(F, ft— 1) > n then any irreducible component ofVSP(F, ft) 
is Rationally Connected. 

Proof. We have 

(n + d\ 
) +1 = (ft-l)(n + l)- 

Therefore, under our numerical assumption, this yields 

(2) dimVSP(F,h-l)-(n + l) = (n + l)(h-2)- t" 1 ^/) > 0. 
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Let pi and pi be two very general points in VSP(F, h), with associated decompo- 
sitions, respectively, 

h h 

and £>G? 
1 1 

Let q G VSP(F — XiLf, h — 1) be a general point with associated decomposition 

2 

Let v : Z — > VSP(F, h) be a resolution of singularities. Since pi and P2 are very 
general we may assume the following: 

(*) i/- 1 (V5P(F - XxLf,h- 1)) and i/- 1 (V5P(F - fiiGj,h- 1)) belong to 
the same irreducible component of Hilb(Z), and i/ is an isomorphism in a 
neighbourhood of q. 
Then by construction we have 

q G FSP(P - \j_Lf, h-l)D VSP(F - h - 1). 

Hence by equations (JTJ, ©, and assumption (*) we conclude that 

VSP(F - fixGf, h-l)n VSP{F - £2^2, h-l)^%. 

Furthermore the general point of this intersection is a general point of VSP(F, h), 
VSP(F - jttiGf , h-1) and F5P(P - ^Pf , ^ - 1). 

To conclude the rational connectedness in case dim VSP(F, h — 1) = n consider 
the variety V := Ua VSP(F - XLf, h - 1). Then V has a natural map onto P 1 with 
Rationally Connected fibers. Therefore, via the main result of |GHSj . we know that 
V is a Rationally Connected variety of dimension n + 1. Then we may argue as 
before with V instead of VSP{F - Aiif, h-1). □ 

Theorem 13.21 allows us to describe birational properties of VSP(F, h) starting 
from those of VSP^ d n {h - 1). 

Our next task is to understand how to use VSPg(F', h), with F' G k[xo, . . . , x n -k]d 
to study VSPa(F,h). It is difficult, at least to us, to understand it from the al- 
gebraic point of view. On the other hand a neat geometric way is at hand. Let 
Vd.n C P N be the d-uple Veronese embedding of P". Let Y C V be a rational 
subvariety of dimension b. Let us think of Y as the projection of Vg,b C P^ for 
some 5. 

Theorem 3.3. Let Y C P N be a projection of V = V s ,h C P^', and p e P N a 
general point. Assume that Sech-i{V) = P N and h < N — b. Then there is an 
irreducible component W C VSPq(K) containing general h-secant linear spaces, 
and a birational map ip giving rise to the following diagram 

Sec h _i(V) DW ^ f n'-n 

i f 
Y 

Sec^Y) D W 

In particular ifVSP^h) is Rationally Connected then V SPq{K) has a Rationally 
connected irreducible component of dimension N' — 2N + (b + l)h — 1. 
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Remark 3.4. The hypothesis of Theorem 13.31 are quite strong. In particular the 
assumption on Sec/i_i(V) confines its application to finitely many cases. On the 
other hand we think it is important, at least conceptually, to have a geometric way 
to "lower the number of variables" . 

Proof. Let tt : F N ' — > P N be the projection, with n(V) = Y, p E P N a general 
point, and II = 7r _1 (p) = P N ~ N . Since p G P N is a general point we may assume 
that the general point of II is general in P N . Consider Hh-i ■ SeCh-i(V) — > P N 
and let W C 71"^^ (II) be an irreducible component containing general ft,-secant 
linear spaces. The numerical assumption h < N — b ensures that: 

i) the general /i-secant linear space to V does not intersect the center of pro- 
jection, 

ii) the general /i-secant linear space to Y intersect Y in exactly h points. 
Item i) and ii) ensures that the general /i-secant linear space to V is mapped 

to a general /i-secant linear space to Y. This gives the map if. Item ii) shows 
that if is generically injective. Note that the expected dimension of §ecft_i(Y) is 
(h+l)b-l-N while dim W = (h + 1)6 - 1 - N' + (N' - N). Therefore Y is not 
defective and W :— f(W) is an irreducible component. 

If VSPq(Ii) is Rationally connected we may apply the main result of GHS] to 
conclude that W is rationally connected and henceforth W is rationally connected. 

□ 

As we already noticed hypothesis of Theorem 13.31 are seldom satisfied. The 
following is a good tool to study Rational Connectedness of VSPq [F, h) in many 
more contests. 

Proposition 3.5. For any triple of integers (a,b,c), with b < n, there is a Ratio- 
nally Connected variety W™ cb C Hilb(P ra ) with the following properties: 

- a general point in W™ c b represents a rational subvariety o/P™ of codimen- 
sion b; 

- for any Z C P n \ {(a;o = ■ • • = a; n -6 = 0)} reduced zero dimensional scheme 
of length < c, there is a Rationally Connected subvariety Wz,b C W" c b , 
of dimension at least a, whose general element [Y] 6 Wz,b represents a 
rational subvariety o/P™ of codimension b containing Z . 

Proof. We prove the statement by induction on b. Assume 6 = 1, and consider an 
equation of the form 

Y = (x n A(x , x n -x) d -i + B(x , x n -i) d = 0), 

then, for A and B generic, Y is a rational hypersurface of degree d with a unique 
singular point of multiplicity d — 1 at the point [0, . . . , 0, 1]. 

Fix d > ac and let c 1 be the linear span of these hypersurfaces. For any 
triple (a, 1, c) and a subset Z C P" \ {[0, . . . , 0, 1]} consider W z ,i C W£ c>1 as the 
sublinear system of hypersurfaces containing Z . 

Assume, by induction, that W™ c i _ 1 C Hilb(P" _1 ) exist for any n and c. Define, 
for i > 2, 

:= W: iCil x W^_, C Hilb(P") x HilblP"" 1 ). 
Let [X] be a general point in W£ c i- By construction X has a point of multiplicity 
d- 1 at the point [0, ... ,0, 1] G P". Then the projection 7r [0 ,...,o,i] : P" —+ P n_1 
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restricts to a birational map cp x ■ X — ■> P™ 1 . Hence we may associate the general 
element ([X], [Y]) G {[X]} x W™"-^ to the codimension i subvariety ^(Y) C P n . 
This, sec for instance |Ko| Proposition 1.6.6.1], yields a rational map 

x ■■ w:^ — Hnb(p"). 

Let W a,c,i : = x(W^ c ,i) C Hilb(P"). For any Z we may then define 

Wz,i ■= Wz,i x W OT[10 0] (z),i-i, 

and as above Wz,i — x(Wz,i)- □ 

4. Rationality Results 

In this section we prove some rationality result for VSP's. The first interesting 
case is that of P 1 , namely polynomials in two variables. This is probably known 
but we where not able to find an appropriate reference. 

Theorem 4.1. Let h > 1 be a fixed integer. For any integer d such that 

h<d<2h-l, 

we have VSP(F, h) = p^-d-i_ 

Proof. We already noticed, see Remark 11.81 that in this case 

VSP(F,h) = VSP G (F,h). 

Let F be a homogeneous polynomial of degree d and let {[Li], [Lh\] be a /i-polar 
polyhedron of F, then 

F = AiLf + ... + X h L d h . 

We consider the partial derivatives of order d — h > of F. This partial derivatives 
are 

( d - d h _ + h 1 )=d-h + l<h 
homogeneous polynomials of degree h. 

Let X be the rational normal curve of degree h in P h . The partial derivatives span 
a (d — /i)-plane Hg C P /l . The general choice of F ensures that Hg fl X — 0. By 
Remark Tl. 121 the points [Lf], [L%\ G X span an hyperplane containing Hg. 

The hyperplanes of V h containing Hg are parametrized by p 2h ~ d - 1 an( j an y 
hyperplane containing Hg intersects X in a zero dimensional scheme of length h. 
This gives rise to an injective morphism 

<j> ■. p^-d- 1 -> vsp(f, h), u^unx. 

The varieties VSP(F,h) and p 2 ' 1 -^- 1 are both smooth by Proposition 1 1.51 and 

dim(VSP(F, h)) = 2h- i^ 1 ) = 2h-d-l. 

Hence the injective morphism <p is an isomorphism. □ 

The next rationality result is for quadratic polynomials. It is well known that 
two general quadrics can be simultaneously diagonalized. Building on this we can 
prove the following. 

Theorem 4.2. Let F G k[xo, . . . , x n ]2 be a general homogeneous polynomial of 
degree two. Then VSP(F, n + 1) is rational. 
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Proof. Up to a projectivity of P™ we may assume that F is given by 

F = x 2 + ... + x 2 n . 

Let II be a general (N — 7i)-plane in P N = V(k[xo, ■ ■ ■ , x n ]2), and [G] £ II a general 
point. 

The quadrics F and G are general. Then we may assume that the pencil they 
generate contains exactly n + 1 distinct singular quadric cones, say Co, C n . Let 
v-i £ P™ the vertex of the cone Ci for i = 0, ...,n. Via the Veronese embedding 
v 2 ■ P n -> P^ we find n + 1 points ^(u,-) on the Veronese variety V 2 .n C P . 

Let A be the matrix of G. Then the cones in the pencil XF — G are determined by 
the values of A such that det(XI — A) = 0. In other words the cones Ci correspond 
to the eigenvalues of A and the singular points Vi are given by the eigenvectors of A. 
In particular v^s are linearly independent and in the basis {vq, ...,v n } the matrix 
A is diagonal 

/ Ao ■ • • \ 

V ••• A„ / 

We may further assume that {vq, ...,v n } is an orthonormal base. Therefore 
after the projectivity induced by this change of variables we have that F is still 
represented by the identity and G is diagonal. 

Any projectivity of P n induces a projectivity on P^ that stabilizes V C P . 
Hence after the needed projectivities we have 

Mvi) =^([0,..., 0,1,0,..., 0]) = [a:?] 

Therefore the linear space < [arjj], [x n ] > contains both [F] and [G]. This con- 
struction gives a map 

i> : n — » VSP(f> + 1), [G] ^ {v„, ...,v n } 

The birationality of tp is immediate once remembered that II is a codimension n 
linear space, and dim(VSP(F, n + 1)) = N — n. □ 

For conies a bit improvement is at hand. 

Theorem 4.3. Let F G k[xo, X\, ^2)2 &e a general homogeneous polynomial of 
degree two. Then V SP(F,A) is birational to the Grassmannian G(l,4), and hence 
rational. 

Proof. The map is quite simple. The 3-planes passing through [F] £ P 5 are 
parametrized by G(l,4) and a general linear space cuts exactly 4 points on the 
Veronese surface V2.2 C P 5 . To conclude it is enough to check that dim VSP(F, 4) = 
dimG(l,4) = 6. □ 

We are not able to prove rationality for arbitrary n and h. Nonetheless the proof 
of Theorem 14.21 allow us to prove the following unirationality statement. 

Theorem 4.4. Let F £ k[xo, . . . , % n ]2 be a general homogeneous polynomial of 
degree two. Then VSP(F, h) is unirational. 

Proof. We have to prove the statement for h > n+ 1. Let II C P N be a codimension 
n linear space and q £ II a point. The proof of Theorem 14 . 21 shows that for a general 
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[F] G there is a well defined decomposition associated to q. This can be seen 
as a rational section 

a q : F N -~ » Sec n {V 2 , n ) 
We proved that the general fiber of the map 7r„ : Sec n (V2. n ) — > ^ N is rational. 
Hence we have a well defined birational map 

X :P N x P N - n — » Sec n (V 2 , n ). 

This means that given a general quadratic polynomial, say q, and a point in f N ^ n 
it is well defined an additive decomposition of q into h factors. This allows us to 
define the following map, for h > n + 1 

tPh : P N - n X (V 2 , n X pl)h-("+D VSP G (F,h) 

given by 

(Pi [i-i]) Ai, ■ • ■ , [^-(n+i)], A h _( n+1 )) ^ (Ai-L x + . . . + A fc _( n+1 )i fe _( n+1 j + 

/i-(n+l) 

2=1 

The map iph is clearly generically finite, of degree ( .J, and dominant. This is 
enough to show that VSPc(F, h) is unirational for h > n + 1. □ 

5. Rational Connectedness 

In this section we prove the result on rational connectedness taking advantage 
of the preparatory work of the previous sections. In higher degree one cannot 
expect a result like in the case of quadratic polynomials . It is enough to think of 
either Mukai Theorem, |Mul) . where is proven that VSP(F, 10) is a K3 surface 
for F £ k[xa, xi, £2] 6 general, or Iliev and Ranestad example of a symplectic VSP, 
jlRl] . On the other hand we found a nice behaviour for infinitely many degrees 
and number of variables. Keep in mind that VSP(F, h) are not empty only for 

h > 



Theorem 5.1. Assume that for some positive integer k < n the number — is 
an integer. Then the irreducible components ofVSP(F, h) are Rationally Connected 

for F £ fc[x , . . . , x„]d general and h > v j* ^ — . 

Let us start stating explicitly |Mell Remark 4.6]. 

Proposition 5.2. Let Vs,n C P N be a Veronese embedding, for S > 4. Assume that 
codSec/jfV) > n+1. 27ien through a general point of Sec h(V) there is a unique 
h-linear space (h + 1)- secant to V . 

Proof. Let z £ SeCh(V) be a general point. Assume that (po> ■ ■ ■ iPh) 9 z an d 
z £ (q , . . . , q^) for /i-tuple of points in V. Then Terracini Lemma, [CCj . yields 

T z Sec, (V) = (T 90 V, . . . , T qh V) = (T Po V, . . . , T Ph V") . 

Therefore the general hyperplane section H (~)V singular at {po, . . . ,ph} is singular 
at {go, ■ ■ • ,qh} as well. On the other hand, by |Mel[ Corollary 4.5], V is not h- 
weakly defective. Then by |CC| Theorem 1.4] the general hyperplane section HnV 
tangent at /i-general points {po, . . . ,ph}, of V is singular only at those points. This 
gives {po, . . . ,ph} = {qo, ■ ■ ■ , q_h\ and proves the proposition. □ 
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Proof of Theorem I5.il Without loss of generality, to simplify notation, we may 

assume that V SPc(F,h) is irreducible. Fix h = * — = T^Ti> an d assume 
that [A a ],[A y ] G VSPg(F, h) are two general points, with A x — (xi,...Xh) and 
A. y = (yi, ■ .-yh}- 

In the notation of Proposition 13.51 let W\ := W^ 2 hn-k- Let [X] e W\ be a 
general element, then the numerical assumption, together with |AHj main Theorem, 
yields 

dimSec/^ipO = h(k + 1) - 1 = N - 1. 

Then Sech-i(X) C P w is an hypersurface of degree say a. 
Remark 11.101 allow us to define a rational map as follows 

defined sending X to its /i-sccant. Let SW\ — f(Wi) and SW^] C SW\ be 
an irreducible component of maximal dimension of the subvariety parametrizing 
elements of SW\ passing through a point [F] G P N . The variety X is rational. 
Hence it is the projection of a 5- Veronese embedding of ¥ k , for some S 3> 0. Without 
loss of generality we may assume that SeCh-i(X) is the projection of the (h — 1)- 
secant variety of the Veronese embedding (otherwise we restrict to this irreducible 
component). Then by Proposition [5]2] there is a unique /i-secant linear space to X 
through a general point of Sec; l _i(X). 

We may then define a rational dominant map 

(3) ip : SW 1[F] — ► VSP G (F, h) G G(h - 1, N) 

sending a general secant in SWi\m to the unique /i-secant linear space passing 
through [F] G P^. In the notation of Proposition 13.51 we have 

^([Ax]) 2 V(W{ Xx ,... Xh },n-k), 
^([A*]) 2 ¥>(WW..,l».},n-k). 

and 

PMnPW 5 p(^ {tl ,... |Iki91 ,... iSk}i „_ fe ). 

The subvarieties ... Xh }.n~k and W / {j /1 ,....j, h }. n -fe are Rationally Connected. 

Therefore SW^] is rationally chain connected by two rational curves intersecting 
in a general point of ¥ J (W r { Xl ,..., Xh , t/1 ,...,j/ h },n-fe). 

Claim 1. The variety SWirF] is Rationally Connected. 

Proof of the Claim. The variety SW\ G P(k[x , ■ • ■ , xn]c) parametrizes divisors in 
P N . Let H[ F ] G P(k[x , . . . , xjy] a ) be the hyperplane parametrizing the hypersur- 
faces passing through [F], Then we have SWi^ = SW\ C\H\p\. 

A general point [T] G SW\ represents a projection of the secant variety to a 
Veronese. This yields that T is singular in codimension 1. Moreover a general 
point of Sing(T) is a double point. That is, by Proposition 15.21 for t G Sing(T) 
general point there are two linear spaces /i-secant to the Veronese passing through 
t. We can therefore assume that the general point x G <p(Wi Xl! ... tXhtyi! ... t y h \ tn -k) is 
a general point of SW\ . 

Let E[^] G SWiff] be the subvariety parametrizing secant varieties with more 
than one (h — l)-linear space /i-secant passing through [F]. First we compute the 
codimension of £[f]- We already observed that for [T] G SW\ the hypersurface T 
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is singular along a codimension 1 set. Therefore the set of hypersurfaces singular 
at a general point [F] € V N is in codimension 2 in SW\ , 

codsvvi S[F] =2. 

All these hypersurfaces are clearly contained in SWi[f], therefore we conclude that 

cod S w 1[F] = 1- 

The above construction shows that SWipv] is rationally chain connected by chains 
of rational curves passing through general points of Erpi. If the general point of 
E[^] is smooth in SW^p] then the claim is proved. 

Assume that SWum is singular along Erpi. Let v : Z — >• SWir^] be the normal- 
ization, and 

^iHl/j} : = ¥>(W{si,...,;B,J>'»-k) V(W{l/i,...,W.}>»»-k) 

be the intersection. By construction we have the following: 

(a) dimS* {x . }{%} > h; 

(b) for a general s S Epv] there are exactly two ^-tuples such that *S , { a; 3 }{i/ s } 3 s - 

Let us consider Erpi with its complex topology. The morphism v is a finite cov- 
ering outside a codimension 1 set, say K. For any point s G if there is an open 
neighborhood (in the complex topology), say B s , such that v\ v -iib„) is finite and 
etale. The set K is closed and of measure zero. That is for any e > there is an 
open V C Erpi such that V D K and V has measure bounded by e. Then V c is 
a compact space and we may cover it with finitely many open sets {B Si }i=i,... im . 
Then, by (a) and (b) above, we may assume that for two general decompositions 

dim(vj(W{ Xll ... )a!h },n_fc) n p(W {l/I1 ... )yh} , n _fc) n y c ) > o. 

By construction V\ v -im a -\ is finite and etale. The compact V c is covered by a 
finite number of B s . This, going back to Zariski topology and keeping in mind 
(a), together with the rational connectedness of the subvarieties W, shows that 
the MRC fibration of Z has at most finitely many fibers. Hence the irreducible 
varieties Z and SW\\m are Rationally Connected. □ 

The claim shows that SW\[p] is Rationally Connected and hence VSPg{F, h) is 
Rationally Connected, via the map ip of equation ([3]). To conclude the proof for 

(" + d ) 

h > i^tx it is then enough to apply Theorem 13.21 □ 
For special values a more precise statement con be obtained. 

Theorem 5.3. The variety VSP(F,h) is Rationally Connected in the following 
cases: 

a) F s k[xa, x\, X2\a and h > 6, 

c) F e fc[xo, . . . , Xi]3 and h>8, 

b) F S k[xo, . . . , xa]3 and h>6, 

d) F €E fc[cco, x\, X2\3 and h > 4, 

The variety VSP(F, h) is uniruled for F G k[xo, . . . , x^ and h > 7. 

Proof. In cases a) and b) we know that VSP(F,6), [Mux] , and VSP(F,8), [RS] . 
respectively are rational of dimension n + 1 • Then to conclude it is enough to apply 
Theorem El 



1(5 



ALEX MASSARENTI AND MASSIMILIANO MELLA 



In case c) observe that there is a twisted cubic in P 3 through 6 points. Then The- 
orems |4J] and [33] produce a chain of P 2 through very general points of VSP(F, 6). 
Then we apply Theorem 13.21 to conclude for arbitrary h > 7. In case d) we have 
P 2 = VSP(F, 4) and we conclude again by Theorem 13.21 

Finally observe that there is a rational quartic in P 4 through 7 points. Then 
Theorems 14.11 and 13.31 produce a P 1 through a general point of VSP(F,h), for 
h>7. □ 
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